Core-shell building blocks have been found useful in recent years as inclusions, in the search for metamaterials with tailored properties. Either the core or the shell of these composite inclusions may be metallic, and the dielectric component may be both radially anisotropic and radially inhomogeneous. In tunable anisotropic metamaterials, the tuning may then be achieved through the host, the core, or some combination thereof. However a theoretical picture is harder to build. Here we propose an approach to an effective medium theory for such materials, valid in the quasi-static limit. The method proceeds first by homogenising the interior of complex particle, and then uses standard anisotropic effective medium methods to provide bulk effective homogenized parameters. By varying the degree of inhomogeneity in the core, shell and dielectric-metal material volume fractions, the technique can be used as a tool for the design of metamaterials with specifically engineered properties. We find that metamaterial properties can be readily tuned by reorienting the optical axis of the host (e.g., liquid crystal). In particular, there is a possibility of switching between hyperbolic and conventional anisotropic metamaterial properties by changing inclusion shell properties. a
Introduction
Over recent years it has been increasingly the case that natural materials do not possess properties sufficiently versatile to satisfy modern demanding engineering requirements. Composites, typically containing colloidal inclusions inside a host material whose properties are known, enable artificial materials to combine some properties, and eliminate others, possessed by the constituent components [1, 2] . By this means novel materials with specific sets of required properties can be fabricated. In particular, in an optical and electronic context, these systems are often labelled metamaterials, and as such attract intense interest in the physics, optics, and engineering communities [3] [4] [5] .
The range of composite material properties can be further enriched and tuned if the inclusions themselves consist of composite particles. Such particles typically contain a core and a shell with opposing tendencies. A non-exhaustive list includes: a gold core surrounded by a silica shell [6] , a silica core covered with a gold semi-shell [7] , metallic cores inside a semiconductor shell [8] , and indeed Janus particles in general, which consist of particles with patches with distinct chemical properties [9] . Bulk properties can now be tuned by changing the properties of the host, the concentration of inclusions, and of course, the detailed internal structure of complex nanoparticle inclusions. One dramatic example occurs when either the core or shell is built from a material going through a metal-insulator phase transition, such as germanium antimony telluride [10] , or vanadium dioxide [11] . The space of potential properties is vast, and engineering design also requires reliable tools for material property prediction. However, the challenge involved in calculating bulk properties of complex metamaterials is significant, particularly when, as in the cases considered in this paper, the host materials are also anisotropic.
In this paper we provide a simple route to describe the effective dielectric properties of anisotropic media composed of an anisotropic host with core-shell inclusions, in which the shell or core may itself be both inhomogeneous and anisotropic. Our work differs from previous work both in the anisotropy of the host and the anisotropic properties of the inclusions. The inclusions themselves can be either spherical or cylindrical. Complex inclusion shape, intrinsic anisotropy and internal inclusion structure are all elements which complicate calculations. Calculations involving all three present an extra burden which can only be overcome at the moment by numerical methods.
We shall suppose the internal anisotropy to be radially inhomogeneous with principal axis in the radial direction. This is a simplifying hypothesis, but in fact there are also experimental systems which appear to possess this property. For example, Erbe and Sigel [12] have discovered the anisotropy in unilamellar phospholipid vesicles; de Beule [13] has addressed experimentally surface scattering of core-shell particles with anisotropic shells, while Golovin and Lavrentovich [14] observed a spatially varying refractive index in a system of Au nanorods placed in an inhomogeneous electric field with radial symmetry. In this latter case, the rods aligned along the electric field create an optically birefringent cloud near the cylindrical electrode.
Anisotropic metamaterials present an extra theoretical challenge. in that the theory required to describe the bulk properties of a composite with anisotropic inclusions is less well-founded. Anisotropy presents extra calculational complexity, but at the same time, provides extra degrees of freedom which can be used to control material properties. The potential advantages of all such materials make them extremely attractive for applications, in particular if the host is liquid crystalline and the inclusions are themselves anisotropic.
In such cases the metamaterial properties themselves may in addition be tunable in situ. However, the use of liquids in composite materials also presents some disadvantages, in that liquids need to be sealed and oriented. We hypothesize that these disadvantages could be overcome by the use of liquid crystal elastomers, which combine liquid crystalline orientational properties with rubber-like solid properties, and can be controlled with ultraviolet or visible light, by thermofields, as well as by elastic and acoustic means [15] . A particular example which has received significant attention recently occurs in uniaxial materials for which the product of the principal dielectric components is negative -these are the so-called hyperbolic metamaterials [16] . These materials have, for instance, the potential to be employed in devices which break the diffraction limit [17] .
The theoretical task involves an input of the dielectric tensors at the relevant frequencies of the host, and all components of the inclusions, together with the component volume fractions and geometrical structure of the inclusions. The output is an effective dielectric tensor (which may, of course, include an imaginary part) for the medium as a whole [18] [19] [20] [21] [22] [23] [24] . The procedure replaces the detailed optics of an inhomogeneous medium with known statistical properties by that of an effective homogeneous but anisotropic medium. Given the inputs, it is possible to solve Maxwell's equations. To obtain physically meaningful results, it may also be necessary to average over a suitable ensemble of equivalent systems. Scattering by inclusions involves Mie scattering or generalizations thereof [25] . Full solutions are difficult for a single particle, and impractically computationally intensive if repeated for an ensemble of a large number of particles. In practice approximations are necessary. For large particles and short light wavelengths, ray-tracing can be fruitful.
However, we are treating the opposite limit, in which light wavelengths are long compared with particle sizes and distances between particles. In this limit, the earliest attempts at homogenization, going back to the early years of the 20th century, due to Garnett [26] in 1904 and Bruggeman [27] in 1935, have by now become classics. Although details of different versions of these theories differ, the effect is to construct effective host medium parameters in such a way that an average inclusion is in some sense mathematically invisible in the effective medium.
Early versions of effective medium theory were essentially heuristic. However, more recently considerable effort has been exerted to provide a sound theoretical foundation (see, e.g., [28] [29] [30] ). Specifically, Bergman [31] showed that all effective medium theories could be regarded in some sense as equivalent, but involving different approximations of a spectral function g(x) which describes the microgeometry (see also [2] , p41ff). Although the foundation is more solid in the case of isotropic inclusions in isotropic media, much recent work has also concentrated on systems in which the inclusions are non-spherical, or when the properties of the host medium and/or the inclusion itself possess anisotropic dielectric properties. In the cases of which we are aware, when anisotropy is included, the inclusion is structureless and uniform. Good recent reviews can be found in [1, 2, [32] [33] [34] .
The enormous attention given to core-shell systems in recent years is in part the result of the dramatic plasmonic response of a metallic core. The optical response of the whole core-shell system in a host medium is itself a non-trivial property to calculate. The procedure has been well-reviewed in the case of gold nanoparticles by Myroshnychenko et al. [35] . The dielectric properties of the material as a whole are mainly governed by those of the host properties, but with a strongly frequency-dependent structure close to the core plasmonic resonance. It is this feature which underlies the emergent metamaterial properties.
Many authors have used effective medium theories to predict metamaterial properties [3, 5, 21] . In some case, these studies use effective medium theories, but for any analytic tractability to be achieved, the inclusion properties must be isotropic. Other workers have studied light scattering from complex structures, but often these studies are constrained to be numerical, precisely because of the complexity of the problem, and it is difficult to replicate this work without access to the code and commercial software packages on which the studies are carried out. Yet other workers study specific (sometimes quite large) nanostructures using explicit optical solvers [36] . They then derive material properties by gluing together periodic copies of scatterers embedded in a host (see, e.g., [37] ). In this case, at least in the view of the present authors, the benefit of solving some optics exactly may be counterbalanced by inexact averaging of randomly placed inclusions. An alternative simulation strategy consists of considering the dielectric properties of a whole collection of particles, then averaging over particle positions, weighting positional correlations correctly according to, say, a Gibbs ensemble, and finally looking at increasingly large systems in order to carry out a finite-size scaling analysis to determine the macroscopic limit. Although some elements of this approach have been tried for simple scatterers in two dimensions (see, e.g., [38] ), a convincing implementation for complex scatterers seems unattainable in three dimensions with current computational resources. A further point concerns the difficulty of treating exactly dielectric properties of a confined electronic system. Thus, for example, some authors use a Drude model to treat the electrons in the core [37] . This neglects entirely the experimentally verified effect of localization on electron mean path and plasmonic resonance [39] .
We note that the study of metamaterial properties in general is closely related to that of optical cloaking [40] , in which the optical signature of particles inserted in a medium may be physically greatly reduced, or indeed in favourable circumstances made to disappear entirely, if the dielectric properties of ensembles of which they are a part are suitably tuned. Cloaking ideas are not restricted to optics, but can be extended to acoustics [41, 42] and even thermodynamics [43] .
Previous work has either treated anisotropy of the host and the inclusion or treated core-shell effects, but not both together. By comparison with usual articulations of these theories, the problem that we discuss contains extra complexity. This complexity is a result firstly of the need to include correctly size-dependent core parameters, secondly of the inhomogeneity of the particulate inclusions, and thirdly of the optical anisotropy associated with some or all of the components of the composite.
Thus in this paper, we combine effects which have not previously to our knowledge been studied together, specifically anisotropy in the host and the shell, electron mean-free path effects in the core, and inhomogeneity in the shell. We have in addition treated an inverted system in which the shell rather than the core is metallic. The study also includes some examples of hyperbolic switching, a phenomenon which requires the bulk dielectric properties not only to be anisotropic, but also to possess one negative component. A principal advantage of our work is that the input formulae are analytic, and relatively trivial numerical methods are required in order to apply the results to systems of interest other than those which we use in our examples. The focus of these calculations is on metamaterial properties, but we note also possible applications in biosensors based on surface plasmonic resonance [44, 45] .
The organization of the paper is as follows. In sect. 2 we treat the dielectric properties of the metallic cores. We use the result of this section in sect. 3 to derive results for effective dielectric properties of structured core-shell particles embedded in a host medium. Then in sect. 4, we use the results of sect. 3 to derive an effective medium theory for ensembles of particles. In sect. 5 we use the theory in some numerical examples to show how the theory can be employed in practice. In sect. 6 we discuss the case in which the metal is in the shell rather than in the core of the embedded particle. Finally, in sect. 7 we draw some conclusions and discuss how the results can be applied.
Dielectric properties of metallic cores
In principle, input values for each component can be measured for bulk samples [46] . In the particular case of metals, there is pronounced frequency dependence. In order to be able to make practical use of standard cited bulk values (see, e.g., [47] ), Etchegoin et al. [48] introduced an analytic approximation matching this dependence very closely over a broad range of wavelengths. The Etchegoin fit uses a Drude model to describe electron lifetime, a measured plasma frequency, accounts for interband transitions, but only describes bulk properties:
where λ p is the plasma wavelength, and μ p ,
For samples of finite size, the recipe must be further modified [49] , primarily because scattering from the sample surface reduces the mean free path L eff of conduction electrons. This effect is most important when the particle dimension is reduced below the bulk mean free path. The modified formula for reads
Here ω is the frequency of the incident field, ω p is the plasma frequency, b is the experimentally determined permittivity for a bulk sample, v F is the mean electron velocity at the Fermi surface, γ 0 is the electron relaxation rate in the metal, 2l is the characteristic diameter of the particle in the direction of the field, and
A good estimate of the mean free path [49] is L eff = 4V /S ∼ l, where V , S, l are, respectively, the volume, surface area, and dimensional scale of the sample. Curves correspond (as marked) to radii 3 nm, 5 nm, 10 nm, 50 nm, and bulk gold. Mean free path from ref. [49] . Note finite-size effects on imaginary part are much more significant than on real part of dielectric permittivity. Both classical and quantum methods have been used to calculate this effect [50] , but in either case, the robust conclusion is that the reduction in L eff depends not only on sample size, but also significantly on sample shape, and even on sample topology [51] . This dependence will be important in our calculation of effective medium properties below.
As an illustrative case, we show in fig. 1 results of calculations on spherical Au nanoparticles of various radii between 3 nm and bulk systems. As might be expected the finite-size effects are more strongly manifested in the imaginary part, but Kramers-Kronig effects feed back into the real part as well. For the wavelengths we consider, gold nanoparticles of radius 50 nm have dielectric properties close to those of bulk materials. We also note that shape effects on the core dielectric constant are not negligible, as is shown in fig. 2.
Single-particle properties
In order to discuss how to treat inhomogeneous nanoparticles, we consider here a core-shell particle, with core radius b and total radius a, in the quasi-static limit, placed for the moment in a host medium. We shall often be interested in the ratio of the volume of the core to the volume of the total core-shell particle. This is f = (b/a) 3 , which in the context of complex nanoparticle colloids, is known as the filling factor. The geometry is given in fig. 3 . The Au core, with dielectric constant c , is enclosed by a dielectric shell. The shell is radially anisotropic and inhomogeneous, where following previous work on cloaking individual particles [52] , we suppose the inhomogeneity to take a specific algebraic power law form. Thus the dielectric tensor (r) = (r) has radial and transverse principal components = ⊥ ; r = ,0 (r/a) m ; ⊥ = ⊥,0 (r/a) m . In principle the exponent m can be either positive or negative. This form has several practical advantages. It is (a) analytically soluble, (b) a good fit to a monotonic functions in an annular shell, (c) of a similar form to that considered in a cloaking context by a number of other authors [53, 54] , and (d) consistent with forms used, e.g., in transformation thermodynamics [43] and optics [54] contexts, to discuss cloaking. Note, however, that for an analytic solution to exist, the exponents for the transverse and radial components must be the same.
We note in addition that Lucas et al. [55] have suggested radially anisotropic graphitic shells in the context of studies of fullerenes. We also note that we ourselves have also earlier treated particular examples of such systems. The optics of polymer dispersed liquid crystal films (PDLC), tunable composites consisting of liquid crystalline droplets in an isotropic matrix, have been discussed by some of the present authors in previous work [56, 57] . Shelestiuk et al. [19] have derived an effective medium theory for the dielectric properties of a colloid consisting of ferroelectric particles suspended in a nematic liquid crystal, with the aim of deriving important liquid crystal properties. In work more directly related to the core-shell models discussed in this paper, Kiselev et al. [58] have developed a T -matrix theory of scattering by radial and uniform anisotropic scatterers in an isotropic polymer matrix, although this paper stops short of discussing properties of media consisting of such particles.
The procedure to determine the effective dielectric constant eff,particle is to calculate the electrostatics for the system, by solving ∇ · D = 0; ∇ × E = 0, subject to a given far field of magnitude E 0 [52] . Outside the particle, the electrostatic potential takes the same form as it would, were the particle uniform inside [59] . The quantity eff,particle can then be determined by noting the analogy with the formula for uniform spherical particles of radius a and dielectric constant . In this case, the external electrostatic potential Φ(r, θ) is given by
The derivation of the formula for eff,particle is straightforward but complicated, and is given in appendix A. We find eff,particle = ,0
where t 1 , t 2 and ξ are algebraic functions of m and ⊥,0 / ,0 defined in appendix A. We observe that eff,particle for a complex particle is dependent also on the dielectric constant m of the host medium, whereas of course in the case of a uniform particle the particle dielectric constant is given. In the case m = 0, eq. (4) reduces to the result given by Kettunen et al. [59] . We remark that a simple Born approximation calculation of the scattering amplitude of the core-shell nanoparticle would simply average the dielectric constant inside the whole complex nanoparticle. In fig. 4 we show some comparisons of the effective shell-core dielectric constant with that calculated using naive averaging over shell volume. The two calculations differ dramatically, and show convincingly the importance of calculating the internal fields in a sufficiently sophisticated manner.
In the context of determining the effective dielectric constant of a system in which such particles are embedded in a host, this is a necessary first step to average over the local structure. In refs. [59, 60] it has been labelled "internal homogenization". An analogous procedure has also been applied to infinitely long cylinders, in which the axis of the cylinder is perpendicular to the incident light. In this case, the effective dielectric constant is now given by
where s 1 , s 2 and ψ are algebraic functions of m, and ⊥,0 / ,0 defined in appendix B. We now present some numerical examples which illustrate the principles we have discussed above. In fig. 5 we examine wavelength dependence of the real and imaginary parts of internally homogenized dielectric functions of a particle with an Au shell surrounded by a homogeneous dielectric shell, where apart from Au plasmon effects, the optics only assumes a quasi-static limit. This figure compares the effects of an isotropic shell with that of a significantly anisotropic shell (but with the anisotropy in the radial direction, as discussed above) with the same mean permittivity. In this case, the effect of radially anisotropic shell is to shift features of the dielectric spectrum to higher wavelengths, while exaggerating extrema. An interesting question concerns which component of the permittivity is the most important, and whether a comparison which conserved transverse (or longitudinal) permittivity components, for example, would be more physically revealing. We postpone this question to further work. We then pose the question whether the dielectric response of a cylinder or a sphere is larger. These results are plotted in fig. 6 . Here we retain a radially anisotropic shell in both cases. Our treatment of the cyclinder electrostatics supposes that the electric field polarization is perpendicular to the cylinder axis. This can correspond either to light incident along the cylinder axis, or alternatively to polarized light incident at some other angle to the axis. In order to provide a sensible comparison, we do not keep the internal and external radii the same, but rather suppose that the cores possess the same radii, and filling fractions. Thus the proportion of the complex particle consisting of Au core is the same in the two cases. Again we have plotted wavelength dependence of the real and imaginary parts of the dielectric function. We observe that changing the shape of a complex particle with otherwise identical quantitative properties can noticeably change its optical properties. We speculate that a sphere and a cylinder are two limiting cases of extreme shapes, and that other regular shapes might have intermediate properties.
In fig. 7 we compare the properties of particles with homogeneous and inhomogeneous anisotropic shells. The two systems are chosen to possess the same average dielectric behaviour, so that naive averaging would imply identical mean dielectric properties. But in fact, although qualitatively similar, the plots exhibit significant quantitative differences, both in terms of the position and the magnitude of resonances. The inhomogeneous shell has a significantly sharper and more exaggerated wavelength dependence for both real and imaginary parts of the internally homogenized permittivity, and also the resonance is shifted by a factor of approximately 1.3. In fig. 8 , we show the effect of increasing the shell radius (or equivalently of decreasing the filling factor f ) on the internally homogenized dielectric function, starting with no shell at all, and finishing with a shell radius a factor of 1.22 larger than that of the core. We observe that the absorption resonance associated with the peak in the imaginary part of the internally homogenized dielectric function occurs at increasingly reduced wavelengths (or increased frequencies) as the shell thickness is increased, and that even relatively small changes in the shell thickness change the absorption spectrum significantly. The absorption peak corresponds to a relatively sharp increase in the real part of the permittivity.
Ensembles of particles
In general, to discuss the average properties of composites in which uniform spherical particles are embedded in an anisotropic host, it is necessary to use an anisotropic effective medium theory. For a Maxwell-Garnett-type [19, 20] theory, Sihvola and coworkers [20, 21] have derived the following formulas for the effective dielectric tensor of a system of spherical inclusions of volume fraction η with dielectric constant i embedded in an anisotropic dielectric with principal components = c ⊥ :
The quantities L , L ⊥ are depolarization factors for spheroids:
with L +2L ⊥ = 1. The formulas suppose that the host is uniaxially anisotropic, and inclusion is spherical. In principle it is possible to treat the general case, but the formulae become more complicated, and less analytically tractable.
To apply this theory to the case of core-shell spherical inclusions, we shall now use the internally homogenized dielectric parameters of the core-shell nanoparticles. The value of eff particle chosen is determined supposing the particle to be embedded in an isotropic medium with an appropriate mean dielectric constant m = +2 ⊥ 3 . In the optical regime, in which the anisotropy is weak ( − ⊥ m ∼ 0.1), we expect this approximation, while uncontrolled, to capture the basic physics. In appendix C, we address the reliability of this approximation by using commercial software to solve Maxwell's equations in the region of the core-shell particle exactly. We find that the approximation is indeed good. A similar philosophy can be applied to discuss systems in which the spheres are replaced by cylinders, although the problem is significantly more complicated mathematically. The orientation of the cylinders is now relevant, because the optical axes of the host and of the cylinder do not necessarily coincide. Fortunately there are some easily accessible limits, namely when the cylinders are aligned: a) along the bulk easy axis; b) perpendicular to it; and c) when they are randomly aligned in an isotropic host.
In cases a) and b), we may use formulas (29) in ref. [19] (See appendix for a discussion of depolarization effects associated with anisotropic inclusions in anisotropic materials.). In case c), we can employ formulas introduced by Yu and Gao [61] , who have discussed a composite with embedded randomly oriented cylinders. Sihvola [21] gives the following formulas for cylinders aligned along the OZ-axis, with isotropic dielectric properties i in the xy-plane; the anisotropic principal host has dielectric axes in the x, y directions x = y . Then the effective medium dielectric properties are given by
with K = x, y, and the depolarization factors given by
Numerical examples
We now present some specific numerical examples to show how these effects translate into the effective medium properties of colloids with core-shell particle inclusions. The first example, shown in fig. 9 , concerns a set of colloids in which spherical anisotropic core-shell particles are suspended in an isotropic host. As expected the imaginary part of the permittivity increases monotonically with particle volume fraction. For the real part, however, the most noticeable feature, apart from the increase in value, is that the absorption edge associated with the plasmonic peak is red-shifted by some 5% in wavelength at the highest volume fractions. We now turn to radially anisotropic core-shell systems embedded in an anisotropic host medium. In this case calculation of both the parallel and tranverse components of the effective medium is required, using eqs. (6) . In the anisotropic host medium, features similar to those in the isotropic host medium are seen, viz. both the parallel and perpendicular components of the permittivity increase in proportion to the colloidal concentration, together with small shifts in the plasmonic absorption edge, as shown in fig. 10 , in which results are shown for different volume fractions at constant filling factor.
In fig. 11 , rather than vary the colloidal volume fraction η, we fix the volume fraction, but vary the size of the core, by varying the filling factor f . The broadest absorption peak is seen to occur when there is no shell. This might be expected, in that the absorption is due to the metallic core. Reducing f involves progressively replacing metallic core by dielectric shell, which we expect to reduce both the magnitude and the width of the absorption peak, fig. 12 . A more detailed understanding of the difference between the two cases requires further analysis, but the sets of curves are sufficiently different to assert conclusively that shape does matter. Our final example concerns hyperbolic media, which have attracted considerable recent interest [16] . We observe that to construct a hyperbolic medium, it is only sufficient to include suitable inclusions in an anisotropic host at a suitable volume fraction [62] . In ref. [62] , however, the structure and metamaterial properties are usually fixed, but if the inclusion properties are tunable, so will the effective properties of the metamaterial [63] . In figs. 13 we demonstrate how transforming the shell of an inclusion from an anisotropic to an equivalent isotropic medium can switch the medium from hyperbolic to normal behavior. In the case studied in figs. 13, this occurs only in a very narrow frequency range. But we note that the parameters have not been optimised, and seek here only to point out the existence of this switching phenomenon.
Inverted systems
A number of authors [64] [65] [66] have discussed what might be regarded as inverted core-shell particles, in which by contrast with the materials discussed so far in this article, the dielectric material is in the core, but the shell is metallic. The methods we have developed in this paper can also be applied to materials including such nanoparticles. (d) Fig. 11 . Spherical anisotropic core-shell particles in an anisotropic host medium. Wavelength dependence of effective dielectric parameters of colloidal suspensions consisting of spherical anisotropic core-shell particles in an anisotropic host, for different values of filling factor at constant particle volume fraction η = 0.3. Plots (a, b): real and imaginary parts of permittivity of effective ⊥ medium ; curves (c, d): real and imaginary parts of effective medium . Curves 1 (dots), 2 (dash), 3 (dot-dash) and 4 (full line) correspond respectively to filling fractions f = 1, 0.85, 0.7, 0.55. Au core: R core = 3 nm; dielectric shell r shell = 4; t shell = 2.5; while the host properties are = 1.7 2 , ⊥ = 1.5 2 , corresponding to the optical regime of a typical nematic liquid crystal.
In particular, the structure of the shell now becomes a critical determinant of the total effective medium permittivity. Depending on the details of the chemical process by which the particles, are synthesized, the metallic shell might consist either of solid continuous metal, or rather of a set of tiny metallic balls with the gaps between the balls filled with solvent [66] . The contrast between these two pictures is shown schematically in fig. 14. In the latter case, the electron mean free path would be limited by the size of the tiny balls, rather than, as might be expected, by the size of the shell. The consequence would be that the effective medium properties of the heterogeneous shell could differ greatly from those of a homogenous metallic shell. This would lead in turn to nanoparticle systems with unexpected total effective medium properties. We show the results of representative calculations, which show the key physical effect to which we wish to draw attention, in figs. 15 and 16.
In fig. 15 we compare results of a Mie scattering calculation of the wavelength dependence of the total cross-section of complex particles either with a dielectric core and respectively a solid Au shell, or a shell consisting of smaller Au particles. The cross-section involves both scattering and absorption. These calculations correspond to the physical pictures shown in fig. 14. The difference in input to the two calculations lies primarily in the imaginary part of the dielectric of the Au, as discussed in eqs. (2) , although the electron mean free path L eff , taken to be the particle size, also affects the real part of the permittivity. The calculation builds on MATLAB software and algorithms developed by Mätzler [67] , based on ref. [25] , sect. 8.1. We suppose here that the total particle volume fraction is sufficiently small that there are no multiple scattering effects, so that a comparison with experiment can be effected simply by measuring the frequency dependence of light extinction (see, e.g., ref. [25] , p. 69 and p. 287). On the other hand, the precise volume fraction of particles is always difficult to measure, and so absolute magnitudes would be difficult to compare experimentally. The really dramatic effects would rather be exhibited in the wavelength dependence of the extinction, and it is this quantity which we have plotted in fig. 15 , normalized with respect to its maximum value. The figure shows that whereas the solid shell shows a very narrow distinct maximum as a function of wavelength, the heterogeneous shell yields a flatter spectrum with a much broader maximum. In fig. 16 we show real and imaginary parts of effective dielectric parameters for inverted spherical core-shell particles in an anisotropic host. We remark that changing the packing fraction and size of the spheres in the shell constitutes another way of tuning the properties of nanoparticles and composite effective media.
Conclusions
We have outlined a procedure to calculate the effective permittivity of an anisotropic medium which contains complex spherically or cylindrically symmetric inclusions. The inclusions contain an isotropic core surrounded by a non-uniform shell. The key feature of the shells is that they are non-uniformly radially anisotropic, so that even though the inclusions are optically anisotropic locally, they are isotropic globally. The calculations are carried out in the quasi-static limit, or equivalently the wavelength is much longer than the characteristic size of particle inclusions. Because the permittivity takes an algebraic form in the shell, the electrostatics is formally soluble. When material in the core or in the shell is metallic, electron lifetimes in finite samples are reduced. The permittivity thus includes a size-dependent imaginary part, which must also be properly included in a full treatment. Although we include dielectric anisotropy, we neglect magnetic anisotropy because the particles are not magnetic. But if required in another case, the formalism allows extension to the case of diamagnetic anisotropy.
The electrostatics of the complex particle outside the inclusions is compared with that which follows from the electrostatics of a uniform particle. Using Clausius-Mossotti theory, the comparison yields explicit, if complicated, expressions for the effective dielectric properties of the complex particle. Finally, Maxwell-Garnett theory allows the medium and effective particle permittivities to be combined, to yield an effective permittivity for the whole system as a function of particle volume fraction. Core-shell particles are the focus of intense current interest because of their application to metamaterial systems. The anomalous electromagnetic properties of metamaterials give rise to numerous applications, and there is an enormous literature which it has been impossible to do justice here. From a physical point of view, our focus has been on the anisotropy of the host material, radial anisotropy of the shells, a more sophisticated treatment of the electronic properties inside the metallic core. As far as we are aware, this focus has so far been lacking in the literature.
Methodologically we have employed a Maxwell-Garnett type of method to calculate effective medium properties, using basic techniques which go back around a century. A particular difficulty has been that in order to make the calculation of the effective properties of the core-shell particle tractable, we have been forced to suppose that the host material is isotropic. In some sense the treatment is thus not entirely self-consistent. A deeper problem with the whole method is that it is heuristic. There is no small parameter allowing a limit in which we can say that the technique is exact. To make this method more sophisticated, two routes are possible.
One possible strategy involves refining the effective medium theory using spectral function techniques, following Bergman [2, 31] . Lu et al. [68] have very recently used such a method for plasmonic nanocomposites with an isotropic shell and an isotropic host. It would be interesting to extend this method to the anisotropic case considered here, but the mathematics is not completely straightforward; we postpone this for further research.
The second strategy, involves exact solution of Maxwell's equations over a limited region. We have discussed possible difficulties of this approach in the Introduction. The usual procedure involves embedding a single-core-shell particle in a repeated box, although of course elaborations are possible. At least some workers in the field now regard this approach as having entirely replaced "old-fashioned" effective medium theories. Our view is that while "the singlecore-shell particle in a box" approach still contains approximations, in principle there is a computational route to macroscopic properties.
In sect. 4, we noted that the calculation of the effective properties of the core-shell particle supposing the host material to be isotropic is a weak link in our chain of reasoning. We compared our approximation to the single-coreshell particle approximation, solving Maxwell's equations exactly within the (repeating) box. A frequency-dependent comparison of the two sets of results showed them to be very similar. It is possible that in other physical contexts (e.g., if we understand it correctly, in [37] ) this close matching will not hold. Further investigation would be fruitful as to the circumstances in which our effective medium approach is likely to be successful.
The methods we are proposing are computationally extremely cheap, easy to code, and in no way methodologically opaque. We particularly recommend them to experimentalists seeking insight into systems in which they may want to investigate a complicated parameter space. They can be regarded as complementary to computational methods which seek high accuracy and exact numbers, but involving greater computational difficulty.
Finally we repeat the most important findings of our study. The size of the metal core governs the electron mean free path, and hence affects the single-particle properties significantly (see fig. 1 ). Then, even though the inclusions are in some sense small, nevertheless the dielectric effects cannot be accounted for by naive averaging over the permittivity of the component parts, as one might expect if one were to apply the Born approximation (see fig. 4 ). Thus, even though the particles are small, their shape is important. A similar effect is seen when the particles have different shape but the same volume (see fig. 2 ). (d) Fig. 16 . Inverted spherical core-shell particles in an anisotropic host. Wavelength dependence of effective dielectric parameters of colloidal suspensions consisting of inverted spherical core-shell particles in an anisotropic host, as discussed in the text. In all cases, particle volume fraction η = 0.3, Au shell: R core = 3 nm; anisotropic dielectric tensor of core r core = 4; t core = 2.5; f = 0.7, while the host properties are = 1.7 2 , ⊥ = 1.5 2 , corresponding to the optical regime of a typical nematic liquid crystal. Curves (a, b) (above): real and imaginary parts of permittivity of effective ⊥ medium ; curves (c, d) are real and imaginary parts of effective medium . In each case, curves 1 (dots), 2 (dash), 3 (dot-dash) and 4 (full line) correspond respectively to filling fractions f = 1, 0.85, 0.7, 0.55.
Likewise anisotropy is important; the prediction of the metamaterial effective coefficients are different depending on whether the particles contain a radially anisotropic shell or whether the shell is isotropic but with the same "average" permittivity (in the sense that in both cases the trace of the permitttivity tensor is the same, see fig. 6 ). We have shown an example in which, the isotropic inclusion allows, over a narrow range of wavelengths, an effective hyperbolic metamaterial. As no attempt was made to optimize parameters, it seems likely that with a suitably chosen parameter set, this will be quite a widespread phenomenon. We have also studied models for which the materials in the shell and the core are inverted, so that the shell consists of metal and the core is dielectric (see fig. 14) . Now the mean free path in the metal again plays a significant role. In particular, if the shell consists of weakly coupled metallic balls, the mean free path is significantly reduced as compared to a continuous shell. In this case (see fig. 15 ), we predict that, as compared to the continuous shell, the absorption spectrum broadens significantly.
The key ideas of this work are as follows. First, inserting core-shell metal-dielectric nanoparticles into a host medium provides an opportunity to tune the effective dielectric function of the composite particle, and thus of the medium, by changing the properties of the core or the shell or both. Second, if the host is itself tunable, then this permits additional control of the effective dielectric function. In further work, we are extending this modelling strategy to include the possibility of a magneto-optic inhomogeneous core or shell. Finally we note that the optical and dielectric properties of the nanoparticle core or shell can also be tuned by pulse illumination.
The analog of eq. (A.10) for the potential in the three regions is now
where the meaning of the parameters as follows: a)
which is the cylindrical symmetry analogy of eq. (A.8). b)α is a polarizability for the circular slice, now related to the effective inclusion dielectric˜ by a two-dimensional version of the usual Clausius-Mossotti relation [59] :
The final result for˜ is essentially identical to the spherical analogue (eq. (A.12)), but with the quantities in the formula taking different values: 
Appendix C. Particle internal homogenization versus exact solution of the Maxwell equations
In sect. 4 we have used the dielectric mixing formulas of eqs. (6) and (7) for isotropic particles embedded in an anisotropic host. The formulas require as input the effective dielectric constant of the core-shell complex and the anisotropic dielectric components of the host medium. However, the calculation of the effective inclusion dielectric constant (see appendix B) has been carried out supposing the host medium to be isotropic, with the mean value of the diagonals of the dielectric tensor. In this case the electrostatics reduces to a standard problem and the calculation can be carried out in a straightforward manner. This procedure is open to question, and clearly would fail if the host dielectric constant were sufficiently anisotropic. It is therefore useful to approach this problem from another direction in order to test this approximation. Thus here we use COMSOL Multiphysics software to solve Maxwell's equations exactly for a core-shell system with an isotropic core, a radially anistropic shell, and an anisotropic host for particular values of parameters. The size of the cubic box has been chosen so as to include precisely one core-shell particle, so that the particle volume fractions in the whole system match in the "exact" calculation and in the approximate solution following the protocol of sect. 4. Although we have called this approach into question in sect. 1 for a number of reasons, good agreement between two different approaches, each using a different set of approximations, could be thought of as good evidence for the basic viability of either.
In fig. 17 we compare results of a calculation for the parallel component of the medium dielectric tensor using three methods. These are: i) COMSOL Multiphysics modeling (blue in our online version); ii) our effective medium theory (red), and iii) an intermediate theory in which the real radially anisotropic shell is replaced by an isotropic shell whose dielectric constant is determined by the trace of the shell dielectric tensor (green). We present results for both the real and imaginary parts of the medium dielectric tensor. The agreement between the curves predicted by our theory and the numerical results is remarkably good. The intermediate theory, which averages over the radial anisotropy in the shell departs significantly, both for the real and imaginary parts, from both the effective medium and the COMSOL Multiphysics results. This departure is noticeable both in the position and the magnitude of the plasmon resonance-induced peaks. The effective medium and the COMSOL Multiphysics results are however very close indeed.
However, there is a significant difference in the computational effort required to reach these results. Because all formulas are analytical in our effective medium theory, the effective medium curves in fig. 17 can be derived almost instantly on a laptop. On the other hand, the equivalent numerical curves require of the order of a day, and even then significant interpolation is required to derive a smooth curve as a function of frequency. If subsequent runs are required for new physical parameters, the effective medium method is considerably more versatile.
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